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Denote by B(k, 1) the least integer such that, if the numbers 1,2,3,..., B(k, I) + 
1 are partitioned in any way into k sets, at least one of the sets contains an 
arithmetic progression of 1 + 1 terms, together with the common difference. 
Some new lower bounds are derived for B(k, I). 
A well-knwon theorem of van der Waerden [7] can be formulated as 
follows: To each pair of positive integers k and I there corresponds a least 
positive integer W(k, I) such that, if the numbers 1,2,..., W(k, I) + 1 are 
partitioned in any way into k sets, at least one of the sets contains an 
arithmetic progression of 1 + 1 terms. A. Brauer [4] proved the following 
extension of van der Waerden’s theorem: There exists a least integer B(k, I) 
such that, if the numbers 1,2 ,..., B(k, I) + 1 are partitioned in any way 
into k sets, at least one of the sets contains an arithmetic progression of 
I + 1 terms together with the common difference; that is, one of the sets 
contains the numbers d, a, a + d, a + 2d ,..., a + Id for some a and d. 
The problem of evaluating W(k, I) and B(k, I) is a very difficult one, 
even for small values of k and 1. It is clear that W(1, I) = B(1,1) = 1 and 
that W(k, 1) = k. It is known that W(2, 2) = 8, W(2, 3) > 34, 
W(3,2) 3 26, B(2, 1) = 4, B(3, 1) = 13, and B(4, 1) = 44 (see [l], [2], 
and [5]). We remark also that the determination of B(k, 1) was first raised 
by Schur [6] and further studied in [l] and [2]. For a discussion of lower 
bounds for W(k, I) and for further references to the literature, (see [3]. 
The main object of this paper is to derive some lower bounds for B(k, I). 
In addition we shall prove that, for each fixed I, limk,, B(k, Z)ll* exists, 
although we cannot decide whether the limit is finite or infinite. 
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It is a simple exercise to show that 
m+ l,Z> >(l+2)mw- 1 >(lf2)W,4 
and hence that 
B(k, 1) 3 Z(Z + 2)k-1. 
We shall show that (1) can be substantially improved. 
iv 
THEOREM 1. For all positive integers n, m and 2 
B(n + m, 0 2 2Nm, 0 B(n, 0 + Bim, 1) + B(n, 0. (2) 
Proof. Since Z is fixed throughout the argument, we shall write B(k) 
instead of B(k, I). Partition the numbers 1, 2,..., B(m) into m sets 
Cl 3 G ,*-*, G 3 no set containing an arithmetic progression of length 
Z + 1 together with the common difference. Similarly partition the numbers 
1, 2,..., B(n) into n such sets D, , D, ,..., D, . For 1 < v < m let 
S, = tpGW4 + 1) + h I p = 0, 1, Z..., WQ, h E CJ, 
and for m < v < n + m let 
S, = {p(2B(m) + 1) - X 1 E.L E D,-, , h = 0, 1, 2 ,..., B(m). 
Then it is not hard to verify that Si n & = 4 if i # j and that 
U S, = {1,2, 3,..., Wm) Bin) + Wm) + JW). 
Suppose that for some v, 1 < v < n + m, S, contains the numbers 
d, a, a + d ,..., a + Id: 
Case 1. 1 < v < m. We have 
and 
d = p’(2B(m) + 1) + A’ (3) 
a + jd = &!Wm) + 1) + hj , for j = 0, 1, 2 ,..., Z, (4) 
and where 0 < p’, Z.Q < B(n), and X, hi E C, . From (3) and (4) we get, 
for j = 0, 1, 2 ,..., Z, 
a + jd = b. + jp’W(m) + 1) + (h, + $7, 
and now from (4) and (5) we get on subtracting 
(11~~ + jp’ - pi)W(m) + 1) + (A, + jX - Ai) = 0. 
(5) 
(6) 
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From (6), withj = 1, it follows that 
(po + p’ - p4)(2B(m) + 1) = 4 - A’ - h, . (7) 
However, since A’, A, , A, E C, we must have 
IX1-X-AoI <2B(m)-I, 
and hence, in order for (7) to hold, we must have 
A, = A’ + A, and Pl = P' +cco - 
It now follows from (6) and induction on j that 
Ai = h’ + jA, and t-9 = P’ +.ho 
for j = 1, 2,..., 1. This means that the numbers A,, A’, A’ + ho, 
x + 2h, ,..., A’ + IA, are in C, and this is a contradiction. 
Case 2. m < v < n + m. The argument in this case is the same as 
before except that (3) and (4) are replaced by 
d = p’(2B(m) + 1) - A’, 
a + jd = pLj(2B(m) + 1) - A, , 
where p’, pj E D,-, and 0 < A’, Ai < B(n). One arrives at a similar con- 
tradiction and the proof of the theorem is complete. 
COROLLARY 1. For all positive integers k and I 
B(k, 1) >, 1(21+ l)“-l. 
Proof. (8) is true when k = 1. For k > 2 we get, from (2), 
B(k, I) > (2B(l, I) + 1) B(k - 1,l) + B(l, 0 
= (21+ 1) B(k - 1, Z) + I 
and (8) follows by induction on k. 
Note that (8) is considerably stronger than (1). 
(8) 
COROLLARY 2. For each jixed 1, limk,, B(k, l)lJk exists. 
Proof. This follows easily from (2). 
For certain small values of I, (8) can be improved further by making use 
of the following lemma which is implicitly contained in [4]: 
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LEMMA. Let n > 2 and let p be a prime congruent to 1 module n. Let 
r(n, p) denote the length of a longest block of consecutive n-th power residues 
ofp. Then 
Bh r(n, P)> > P - 1. 
One finds that 
r(3, 127) = 2, r(2, 53) = 3, r(2, 193) = 4 
and hence 
B(3,2) > 126, ~(2~3) 2 52, B(2,4) > 192. 
Thus from (2) we get 
B(k, 2) > Cl(253)k/s, 
B(k, 3) > C2(105)k/2, 
B(k, 4) > C,(385)k/2. 
These lower bounds are much better than those obtained from (8). 
We remark in conclusion that for large values of I one may use the 
estimate [3] W(2, I) > 122, for 1 prime, together with B(2,Z) >, W(2, I> 
to get 
B(k, 1) > (2 - l z/2 
for every E > 0 provided I > &(E). 
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